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Axiszmetrical Ionized Gas Boundary Layer on a Porus
Wall of The Body of Revoltion

Branko OBROVIC, Slobodan SAVIC

Department for applied mechanics and automatic control

Faculty of Engineering University of Kragujevac, Sestre Janji¢ 6, Kragujevac, Serbia
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Abstract— This paper studies the ionized gas flow in the
boundary layer on bodies of revolution with porous contour.
The gas electroconductivity is assumed to be a function of a
longitudinal coordinate x.

Saljnikov's version of the general similarity method is used
for solution of the problem. The obtained generalized
boundary layer equations are solved in a four-parametric
localized approximation. Based on the results, conclusions
on behavior of certain physical quantities in the boundary
layer have been drawn.

Keywords— Boundary layer, ionized gas, body of revolution,
porous contour, generalized similarity method

I. INTRODUCTION

This paper summaries results of our investigations of
the ionized gas i.e. air flow in the boundary layer on
bodies of revolution. Ionized gas flows in the conditions
of equilibrium ionization. The contour of the body within
the fluid is porous.

The primary objective of this paper is to apply the
general similarity method and to solve the obtained
generalized boundary layer equations.

The general similarity method was first used by

Loitsianskii [1] and it was later improved by Saljnikov [2].

In its original version, it was successfully used for
problems of dissociated gas flow in the boundary layer [3,
4]. Saljnikov's version of this method was applied in the
temperature and MHD boundary layer theory [5, 6], and
for solution of dissociated and ionized gas flow in the
boundary layer [7-11]. Both versions of the general
similarity method are based on usage of a momentum
equation and introduction of sets of similarity parameters.
In this paper, Saljnikov's version of the general similarity
method is applied.

II. MATHEMATICAL MODEL

When aircrafts fly at supersonic speeds through the
Earth's atmosphere, the temperature in the viscous
boundary layer increases significantly. At high
temperatures, gas (air) dissociation and ionization occur
and the air becomes a multicomponent mixture of atoms,
electrons and positively charged ions of oxygen, nitrogen
etc. [12-14]. When the temperature in the air flow is high
enough, thermochemical equilibrium is established. One
of important properties of the ionized gas is its
electroconductivity o, which is a function of the
temperature i.e., enthalpy [15]. If the ionized gas flows in
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the magnetic field of the power B, =B, (x), an electric

flow is formed in the gas. The electric flow generates
Lorentz force and Joule's heat [15]. The
electroconductivity is also assumed to be a function of the
longitudinal coordinate x, i.e. that the electroconductivity
variation law can be written as

M

Therefore, for the case of the ionized gas flow in the
magnetic field, the equations of the steady laminar
boundary layer on bodies of revolution with porous wall
[7, 15] take the following form:

o =0o(x).

0 G, ;
— (pur’)+—(pvr’)=0, (j=1) )
ox Oy
6_u+ — = p.l diig +i u +
Mo TPy TP Ty My 3)
+ O'Bé (u, —u),
On Oh__ . du o ’ N
Ox pv@y peedx ﬂ@y
0 Oh @
L2 +O'B§1 (u? —uly).
oy \ Pr oy
The corresponding boundary conditions are:
u=0, v=v,(x), h=h, =const. for y=0, )
u —> u.(x), h— h(x) for y— oo

In the governing mathematical model (2) is a
continuity equation, (3) is dynamic and (4) is energy
equation. For the terms — aBﬁlu and UBﬁlu2 Lorentz
force and Joule's heat are determined respectively [15].

The subscript "e” stands for physical quantities at the
outer edge of the boundary layer ( y —co ) and the
subscript "w" denotes the values on the wall of the body
of revolution ( y =0). The given velocity v, (x), at which
the gas flows perpendicularly through the porous wall of

the body of revolution (Fig. 1) can be positive (at
injection) or negative (at ejection).



Fig.1. Ionized gas flow adjacent to the body of revolution

The continuity equation (2) can be written in a form
more suitable for derivation of the momentum equation as

2l

(L =const., j=1).

(6)

Here L is a constant length whose value can equal unity.

III. TRANSFORMATIONS OF THE EQUATIONS

In order to apply the general similarity method, new
variables are introduced:

- 2j
pwluw(z\J dx:

X

s(x) =
Poto

Y ¢ yo,
Z(%J’)—(z] _[ p_

0

O]
dy, (j=D.

Here, p,, #y=pyvy and p,(x), u,(x) denote the
known values of the density and dynamic, i.e., kinematic
viscosity of the gas at some point of the boundary layer
(subscript 0) and on the wall of the body of revolution
(subscript w).

The stream function w(s,z) is introduced using the

relations:
u=Y.
1574
.Y u%wﬁ(ij] _w ©
(r/L)zj Pw Hy ox Po L 0s

that follow from the continuity equation (6).

Since the boundary condition for the velocity at the
inner edge of the boundary layer (5) does not equal zero
(v=v,(x)#0), as with incompressible fluid [1], the

stream function w(s,z) is divided into two parts:

(.2 =y () +7(s.2),  7(s,0)=0. ©)

Here, v, (s) =w(s,0) stands for the stream function
of the flow adjacent to the wall if the body of revolution
(z=0).

Another change is introduced:
ul> _ B(s)

K@) A

1n(s,z) =

s=s,

up A7 (s)

7 (s,2)=u"PK()® (5, 7) = @ (s,17),
B(s)
h(s,z)=h-h(s,n), h =const.,
S B (10)
K(s)=|a Vo.[ ufflds , a,b=const.

0

Applying (7)-(10), the governing equations (3) and (4)
are transformed into this equation system with the given
boundary conditions:

é o*o) aB?
— 1@ 7|t 2 2
on\~ on 2B on

LS e (@Y, g pf, @),
2 2
B p an B P an
O e i s N
u, B*\ on &on & on?

O(Q) aB*+C=b)f
on\ Pr on

2B? on
5 N2
_ZK_Zf &@JFZKQ 0’)?
B° p On on
L 2K8 P 5@[5_@_1J

B? po”_n on

+(2—b)f(p§2d>

Ad’D
B on’

A (11)
+——+

for 7n=0,

oD

— o1, Z—)i_ze(s)zl—zc for 77— o,
on

where prim (") stands for a derivative per the variable s.
During the transformations of the governing equations

into the system (11), the usual quantities in the boundary

layer theory [3, 7] are introduced: conditional

displacement thickness A'(s) ,
loss thickness A (s) , conditional thickness 4 (s) ,

conditional momentum

nondimensional  friction function ¢(s) and a
characteristic boundary layer function F,, . These
quantities are defined by the expressions:
A(s)= I (& —Lsz,
0 \ P e
A (s) = j l[ —ljdz, =2
ue ue
0 (12)

| e/ uy) oo
éu(s)_{a(zm**)L B (an ] ’
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5= [ 22 (1 - a—djjdn,
on on
**2 Ak
Z** = A , dZ = &’
Vo ds U,

F,=2[¢-02+H)f]-2gH,-2A.

In the equations of the system (11), there are four
parameters: basic form parameter f{s), magnetic
parameter g(s), porosity parameter /(s), and local
compressibility parameter [3] x(s). They depend on the
conditions at the outer or inner edge of the boundary layer
and they are defined as:

2
ul A™ R
f)=—"——=uZ" = fi(s);
0
g(s)=8SZ" =g (s),
I pymy oBy

/LY py ity Pe (13)

1 Ho 4" Vod”

AS)=———F v, —=— = A (s),
(/LY my " v Yo 1
_ o,
(r/Ly uy
where V,, (s) denotes conditional transversal velocity at
the inner edge of the boundary layer. The local
compressibility parameter is determined as:
u?
K= f(s) =2 (14)

In order to bring the governing equation system into a
generalized form, a new stream function @ and
nondimensional enthalpy % should be introduced through
general similarity transformations as:

g (5) 4™ (s)
v (s, >—B() o, &, (f), (g (4), as)
h(s,m) = hy -k (7, 5, (fi)s (26, (A)-

In (15), (f,) denotes a set of form parameters of
Loitsianskii's type [1], (g, ) stands for a set of magnetic
parameters and (A, ) denotes a set of porosity parameters

of the porous wall. The introduced sets of parameters are
new independent variables (instead of the variable s) and
they are defined as:

Al =ut 0z g () =ul s 0z

(k=1)
A=k D |t
W

(k=1,2,3,..).

(16)

Each set of parameters (16) satisfies a corresponding
recurrent simple differential equation:

u

dx
u_&:fi_ZZKfi :905

u

- f1 =[(-D /i +kFp ] fi + fis = 6,
Z—?fl_k:[(k—l)ﬁ +ka]gk + 8k1 =7 17

($

”°f1dAk—{(k 0+ (k-1 /2]F) A+

+ Ak+1 =1, (k=123,.).

Applying similarity transformations (15) a generalized
boundary layer equation system is obtained, which in four

parametric (k=fy 20, fi=1=#0,
=A#0, fy=g,=4,=0 for k>2) three
(0/0x=0, 0/0g, =0,
= 0) has the following form:

81=8#0,4
times localized approximation
0/04,
2 2 _ 2
o Qo”? +aB +(22 b)fcpﬁf
an on 2B an

2 2
+€pe_ﬁ_@ +2pelﬁ¢+£0"_dz):
B p \on B p on) B on

mf oD 0 5D 5D
on g J o
(0 &)\ aB*+Q2-b)f &
| = — +—d)__
on\ Pr on 2B? on
5y N2
Ziczfpeﬂ_Q ) é’ci? 3 (18)
B p on on
_2Kg&1 oD é’(b
B* p 577 0”77
JAd_Fyf(o0d v )
Bong B \ond J on)
@D =0, 5_@:0’ ﬁzﬁwzconst for =0,
an
é’—(D—>1 E—)l?e(s):l—/( for 7 —> .
an

(@=0"(0,x, f,g, ), h =0V, x, [, g, A));

in which the subscript 1 is left out in the first parameters
and where the characteristic function £, is determined
by the relation (12).

The obtained system of approximate generalized
equations (18) is a general mathematical model of the
ionized gas flow in the boundary layer adjacent to the
porous wall on bodies of revolution. Due to the performed
localization, the parameters x = f;,, g and A became
simple parameters. Hence, the system (18) is solved for in
advance given values of these parameters.

IV. NUMERICAL SOLUTION, RESULTS
For the function Q and the density ratio p./ p, in the

system (18), analogous to the dissociated air [3],
approximate dependences are adopted:
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0=0) =i, /h)", petp=hid-x).  (9)

Since Prandtl number slightly depends on temperature
[3], the equations of the system (18) are solved for a
constant value of this number Pr=0.712. For constants a
and b, the usual values are adopted [2]: @ =0.4408 and
b =5.7140.

The system is solved by finite differences method
using passage method. A concrete numerical solution of

the system (18) is performed using a programme written
in FORTRAN.

0.80 J,=020

2 £=0.10
0.60 A=0.10

1 h,=0.0152
0.40 1. f=-0.16
020 2. /'=0.06
' 3. /=016

n

0.00 [ [ [ 1
0 2 4 6 8 10 2 4 16 18 20

Fig.2. Diagram of the nondimensional velocity u / U

Only some of the obtained results are given here in the
form of diagrams. Figure 2 shows the diagram of the
nondimensional velocity u/u, =0@/0n for three cross-

sections of the boundary layer.
1.00

0.80 E[(

7 =[0-16
£ =10.00
0.60

f=-0.16 | Si=0.08
0.40 2=0.08
{ A=0.06

0.20 J1,=0.0152

0 2 4 6 8 10 12 14 16 18 20

Fig.3. Distribution of the nondimensional enthalpy

The diagram in Fig. 3 presents distribution of the

nondimensional enthalpy h for three cross-sections of
the boundary layer.

CONCLUSIONS

This paper has shown that Saljnikov's version of the
general similarity method can be successfully applied to
the studied problem.

The following conclusions can be made:

e The nondimensional flow velocity u/u, (Fig. 2) at

certain cross-sections of the boundary layer on
bodies of revolution converges very fast towards

unity.

e The nondimensional enthalpy h converges
relatively fast towards the value at the outer edge of
the boundary layer.
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Finally, in order to obtain more accurate results, the
system (18) should be solved in a four-parametric
approximation but without localization per the
compressibility parameter. However, this kind of solution
is fraught with difficulties, mainly of numerical nature.
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